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a b s t r a c t
Let v denote an integer, v ≡ 0, 1 (mod 4) and setX = Zm ∪ Awherem = v− 1, A = {∞}
when v ≡ 0 (mod4),m = v,A = ∅when v ≡ 1 (mod4). AZ-cyclicWh(v) is said to be aZ-
cyclic patterned starter whist tournament on v players,ZCPS-Wh(v), when the initial round
partner pairs form the patterned starter for the setX. In this study, we develop necessary
conditions for the existence of ZCPS-Wh(v) for the cases v = 3Q , Q an integer of the form
4h+ 3 and v = 3R+ 1, R an integer of the form 4h+ 1.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A whist tournament on v players, denoted Wh(v), is a (v, 4, 3) (near) resolvable BIBD that possesses the following
properties. Each block, (a, b, c, d), of the BIBD is called a whist game. For such a game, the partnership {a, c} opposes the
partnership {b, d}. The whist conditions require that every player partners every other player exactly once and every player
opposes every other player exactly twice. The (near) resolution classes of the design are called rounds of the Wh(v). It has
been known since the 1970s that Wh(v) exist for all v ≡ 0, 1 (mod 4) [2].
A Z-cyclic whist design is such that the players are elements inX = Zm ∪ A where m = v, A = ∅ when v ≡ 1 (mod 4)
andm = v − 1, A = {∞}when v ≡ 0 (mod 4). It is further required that the rounds be cyclic in the sense that the rounds
can be labeled, say, R1, R2, . . . in such away that Rj+1 is obtained by adding+1 (modm) to every element in Rj. R1 is typically
called the initial round.
If G is an abelian group such that |G| ≡ 1 (mod 2) the set {(x,−x) : x ∈ G \ {eG}} is called the patterned starter for G. It
is sometimes convenient to call the set {(x,−x) : x ∈ G \ {eG}} ∪ {(∞, eG)} the patterned starter for the setX = G ∪ {∞}.
If G = Zm, with m as above, then a Z-cyclic Wh(v) is said to be a Z-cyclic patterned starter whist design, ZCPS-Wh(v),
whenever the collection of initial round partner pairs forms the patterned starter for the setX.
Several infinite classes of ZCPS-Wh(v) have been known for quite some time. Watson [10], in 1954, gave a construction
that yields a ZCPS-Wh(v) whenever v is a finite product of primes each congruent to 1 modulo 4. Bose and Cameron [4],
in 1965, and Baker [3], in 1975, provided constructions that produce ZCPS-Wh(v) whenever v is a prime congruent to
1 modulo 4. The notation ZCPS-Wh(v) was introduced in [5]. This latter paper also contains complete existence results
pertaining to ZCPS-Wh(v) for all 5 ≤ v ≤ 41, v ≡ 1 (mod 4). Leonard [7], in 1996, constructed ZCPS-Wh(v) for v = q2,
with q ≡ 3 (mod 4) a prime and 7 ≤ q ≤ 31. In 2008, Leonard together with Jones [8] extended these results to include
43 ≤ q < 5000. The only other examples of ZCPS-Wh(v), v ≡ 1 (mod 4) are for v = 77,133. These designs are given below.
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When v ≡ 1 (mod 4) a ZCPS-Wh(v) is both a directed whist design and an ordered whist design (see Cor. 5 in [1]). Thus all
of the designs mentioned above have the property of being both directed and ordered whist designs.
A ZCPS-Wh(4) has been known since the whist tournament problemwas introduced byMoore in 1897 [9]. Additionally,
ZCPS-Wh(v) for v ≡ 0 (mod 4) are known only for v = 28, 40, 76, 148 [6]. [6] contains complete information regarding
the existence of ZCPS-Wh(v) for all v ≡ 0, 1 (mod 4), v ≤ 48. A few examples of ZCPS-Wh(v) are given below.
Example 1.1. The following 6 tables form the initial round of a ZCPS-Wh(25). This design was built using Watson’s Con-
struction with x = 7.
(7, 1, 18, 24), (14, 2, 11, 23), (21, 3, 4, 22), (10, 5, 15, 20),
(17, 6, 8, 19), (13, 9, 12, 16).
Example 1.2. The following 7 tables constitute the initial round of a ZCPS-Wh(28) [6].
(∞, 3, 0, 24), (4, 5, 23, 22), (6, 10, 21, 17), (11, 9, 16, 18),
(12, 7, 15, 20), (8, 2, 19, 25), (13, 1, 14, 26).
Example 1.3. The following 19 tables constitute the initial round of a ZCPS-Wh(76).
(∞, 10, 0, 65), (14, 56, 61, 19), (27, 42, 48, 33), (30, 43, 45, 32),
(6, 24, 69, 51), (21, 25, 54, 50), (8, 44, 67, 31), (18, 29, 57, 46),
(55, 64, 20, 11), (58, 37, 17, 38), (3, 4, 72, 71), (35, 16, 40, 59),
(26, 23, 49, 52), (13, 1, 62, 74), (12, 28, 63, 47), (15, 7, 60, 68),
(9, 34, 66, 41), (39, 73, 36, 2), (22, 70, 53, 5).
Example 1.4. The following 19 tables constitute the initial round of a ZCPS-Wh(77).
(18, 24, 59, 53), (3, 28, 74, 49), (9, 13, 68, 64), (12, 1, 65, 76),
(6, 34, 71, 43), (45, 16, 32, 61), (57, 37, 20, 40), (14, 44, 63, 33),
(27, 42, 50, 35), (75, 25, 2, 52), (21, 11, 56, 66), (8, 26, 69, 51),
(10, 46, 67, 31), (4, 72, 73, 5), (7, 19, 70, 58), (36, 39, 41, 38),
(22, 17, 55, 60), (30, 54, 47, 23), (15, 29, 62, 48).
Example 1.5. The following 28 tables constitute the initial round of a ZCPS-Wh(112).
(∞, 37, 0, 74), (3, 15, 108, 96), (12, 29, 99, 82), (9, 70, 102, 41),
(6, 63, 105, 48), (66, 7, 45, 104), (78, 52, 33, 59), (39, 88, 72, 23),
(24, 100, 87, 11), (54, 97, 57, 14), (30, 34, 81, 77), (64, 13, 47, 98),
(4, 76, 107, 35), (1, 10, 110, 101), (40, 16, 61, 95), (43, 73, 68, 38),
(46, 79, 65, 32), (25, 109, 86, 2), (22, 67, 89, 44), (19, 94, 92, 17),
(50, 53, 61, 58), (5, 20, 106, 91), (83, 93, 28, 18), (62, 55, 49, 56),
(8, 36, 103, 75), (26, 27, 85, 84), (31, 51, 80, 60), (21, 42, 90, 69).
Example 1.6. The 33 tables obtained bymultiplying the following 11 tables by 1, 11 and 121 (mod 133) constitute the initial
round of a ZCPS-Wh(133).
(18, 49, 115, 84), (3, 29, 130, 104), (15, 4, 118, 129), (27, 10, 106, 123),
(35, 88, 98, 45), (9, 16, 124, 117), (30, 73, 103, 60), (26, 24, 107, 109),
(57, 62, 76, 71), (66, 70, 67, 63), (11, 81, 122, 52).
2. The case v = 3Q = 12h+ 9
Assume that the initial round of a ZCPS-Wh(3Q ), Q = 4h+ 3 is given by the games
(xi, yi,−xi,−yi), i = 1, 2, . . . , 3h+ 2, (2.1)
where xi ≠ 0, yi ≠ 0 for all i. Necessarily, then, the Z-cyclic whist conditions must be satisfied.
Definition 2.1. Define parameters p, s, u as follows:
p: the number of initial round games for which xi ≡ 1 or 2 (mod 3) and yi ≡ 1 or 2 (mod 3),
s: the number of initial round games for which xi ≡ 1 or 2 (mod 3) and yi ≡ 0 (mod 3),
u: the number of initial round games for which xi ≡ 0 (mod 3) and yi ≡ 0 (mod 3).
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Theorem 2.1. Let f = (f1, . . . , f5) denote the 5-tuple (3h + 2, 2h + 1, 4h + 3, 2h + 1, 4h + 3). If the games (2.1) form the
initial round of a ZCPS-Wh (3Q ), then
p+ s+ u = f1,
s+ 2u = f2,
2p+ s = f3, (2.2)
p+ 2u = f4,
p+ 2s = f5.
Proof. The proof follows by recognizing that for each of the above equations both the LHS and the RHS represent the same
‘‘count’’. The definitions of p, s, u allow for an easy determination of the count associated with the LHS of each equation.
Indeed, (1) p + s + u equals the total number of xi, yi pairs in the initial round games, (2) s + 2u equals the total number
of pairs (a,−a) in the initial round games with a ≡ 0 (mod 3), (3) 2p + s equals number of pairs (a,−a) in the initial
round games with a ≡ 1 or 2 (mod 3). Each of (4), (5), below, follow from the fact that the opponent differences±(xi + yi),
±(xi− yi), each occurring exactly twice, cover, modulo 3, the elements in Z3Q \ {0} exactly twice. (4) p+ 2u equals the total
number of pairs of the form±(xi+yi) or±(xi−yi) that are≡ (0, 0) (mod (3, 3)), (5) p+2s equals the total number of such
pairs that are≡ (1, 2) or (2, 1) (mod (3, 3)). Routine considerations show that the corresponding fi, i = 1, . . . , 5 produce
the same ‘‘count’’. 
Note that for the given values of fi, i = 1, 2, . . . , 5, System (2.2) is equivalent to the following.
p+ 2u = 2h+ 1,
s+ 2u = 2h+ 1, (2.3)
3u = h.
Thus u = h/3, p = s = (4h + 3)/3, and v = 3Q = 12h + 9 = 36u + 9 ≡ 9 (mod 36). We now go on to restrict 3Q even
further by refining our analysis of the structure of the games (xi, yi,−xi,−yi) in (2.1). Suppressing the subscripts, each game
will be represented as either (x, y), (x,−y), (−x, y), (−x,−y), (y, x), (−y, x), (y,−x) or (−y,−x)with the choice governed
by the requirement that the representation, modulo 9, say (a, b), is precisely one of (0, 0), (0, 3), (3, 3), (0, 1), (0, 4), (0, 7),
(3, 1), (3, 4), (3, 7), (1, 1), (1, 4), (1, 7), (4, 4), (4, 7), (7, 7). Let (a, b) denote any one of these latter 15 ordered pairs. The
opponent differences, modulo 9, at this table are ±(a − b) and ±(a + b) each occurring twice. As in the assumed table
representation, modulo 9, the opponent difference, modulo 9,±(a− b), will be represented simply by a− b or b− a, with
the result being either 0, 1, 3, 4, or 7. Likewise for the opponent difference, modulo 9,±(a+ b). Now, consider the 4-tuple
g = (a, b, a−b, a+b). Let ci (i = 1, 4, 7) equal the number of components of g that are congruent to imodulo 9, i = 1, 4, 7
and let k denote the 7-tuple (a, b, a− b, a+ b, c1, c4, c7). We list now the 15 possible expressions for k. For convenience we
list these fifteen 7-tuples as strings.
0000000 0333000 3303000 0111300 0444030
0777003 3174111 3417111 3741111 1107201
1434120 1731201 4401120 4737012 7704012
Sequencing the 7-tuples along the rows so that, for example, 0777003 is the sixth item in the list of 15, we note that the
first nine items are such that at least one of a, b is a multiple of 3 and the corresponding c ’s are all congruent modulo 3.
Of course, considering all 7-tuples obtained from the games of the initial round the total value of any ci must match that of
each of the others and, consequently, these common total values are congruentmodulo 3. Let A, B, C denote, respectively, the
number of initial round games for which (c1, c2, c3) = (2, 0, 1), (1, 2, 0), (0, 1, 2). It follows from our previous remarks
that 2A+ B ≡ 2B+ C ≡ 2C + A (mod 3). Hence 2A ≡ B+ C (mod 3) and A+ B+ C ≡ 3A ≡ 0 (mod 3). That is to say, the
number of initial round games that do not contain a pair of values (a,−a)with a ≡ 0 (mod 3), namely p = (4h+3)/3, must
be a multiple of 3. We conclude that Q = 4h + 3 ≡ 0 (mod 9), and since also Q ≡ 3 (mod 4), we have Q ≡ 27 (mod 36)
and v = 3Q ≡ 81 (mod 108). Thus the following theorem is established.
Theorem 2.2. A ZCPS-Wh (v), v = 3Q , Q = 4h+ 3 can exist only if Q ≡ 27 (mod 36) or equivalently, v ≡ 81 (mod 108).
An exhaustive computer search has shown that no ZCPS-Wh(81) exists. Consequently the first unknown value of v in this
case is v = 189.
3. The case v = 3R + 1 = 12h+ 4
Assume that the initial round of a ZCPS-Wh(3R+ 1), R = 4h+ 1 is given by the games
(∞, α, 0,−α), (xi, yi,−xi,−yi), i = 1, 2, . . . , 3h. (3.4)
Necessarily, then, the Z-cyclic whist conditions must be satisfied. We proceed now to obtain information relative to the
xi’s and the yi’s that appear in (3.4). For the moment we set aside the (∞, α, 0,−α) game and focus on the games of the
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form (xi, yi,−xi,−yi). For convenience we omit the subscript and refer to any such initial round game by the abbreviated
notation (x, y). Let p, s, u denote the parameters defined in Definition 2.1.
Theorem 3.1. Let f denote the 5-tuple (f1, f2, f3, f4, f5). Consider the following two cases. (1) For Z3R \ {0, α,−α}, α ≡
0 (mod3), set f = (3h, 2h−1, 4h+1, 2h−1, 4h+1). (2) For Z3R\{0, α,−α},α ≡ 1 or 2 (mod3), set f = (3h, 2h, 4h, 2h, 4h).
If the games (3.4) form the initial round of a ZCPS-Wh (3R+ 1), then the five equations in (2.2) hold.
Proof. The proof here is virtually identical to that given for Theorem 2.1 the difference being that the ‘‘counts’’ in (2.2) relate
to the games (3.4) with the game (∞, α, 0,−α) removed. That is to say, the counts relate to the modified initial round and
the set Z3R \ {0, α,−α}. 
In order that System (2.2) be consistent, it is required that f2 + f3 = 2f1 and f4 + f5 = 2f1 which is certainly true for each of
the two cases considered. When this holds, System (2.2) is equivalent to
p+ 2u = f4
s+ 2u = f2, (3.5)
3u = f2 + f4 − f1.
Hence for case (1), it follows that u = (h− 2)/3, p = s = (4h+ 1)/3, and for case (2) u = h/3, p = s = 4h/3. Therefore,
for case (1), we require h ≡ 2 (mod 3), which gives R = 4h+ 1 ≡ 0 (mod 3) and v = 3R+ 1 = 12h+ 4 ≡ 28 (mod 36). For
case (2), h ≡ 0 (mod 3) is required, giving R ≡ 1 (mod 3) and v ≡ 4 (mod 36). In neither of these cases is R ≡ 2 (mod 3) or
equivalently, v ≡ 16 (mod 36) permissible. Thus the following theorem is established.
Theorem 3.2. If v ≡ 16 (mod 36) (i.e. v = 3R + 1 where R ≡ 1 (mod 4) and R ≡ 2 (mod 3)), then it is impossible for a
ZCPS-Wh (v) to exist.
Similarly, the following two theorems have been established.
Theorem 3.3. Let R denote a positive integer such that R = 4h+1. Suppose that the games (3.4)with α ≡ 0 (mod 3) constitute
the initial round of a ZCPS-Wh (v) for v = 3R + 1 = 12h + 4. Let p, s, u be given as in Definition 2.1. Then h ≡ 2 (mod 3),
R ≡ 9 (mod 12), v ≡ 28 (mod 36), and (p, s, u) = ((4h+ 1)/3, (4h+ 1)/3, (h− 2)/3).
Theorem 3.4. Let R denote a positive integer such that R = 4h + 1. Suppose that the games (3.4) with α ≡ 1 or 2 (mod 3)
constitute the initial round of a ZCPS-Wh (v), for v = 3R + 1 = 12h + 4. Let p, s, u be given as in Definition 2.1. Then
h ≡ 0 (mod 3), R ≡ 1 (mod 12), v ≡ 4 (mod 36), and (p, s, u) = (4h/3, 4h/3, h/3).
We note that, similar to the situation for v = 3Q , the case v = 3R + 1, R ≡ 0 (mod 3) can be analyzed further.
Indeed, α ≡ 0 (mod 3) here, and the number of initial round games (x, y,−x,−y) with neither of x, y a multiple of 3 is
p = (4h+ 1)/3, where h ≡ 2 (mod 3). The ‘‘mod 9 argument’’ presented above for v = 3Q is valid in this case also. That is,
p = (4h + 1)/3 must again be a multiple of 3. So R = 4h + 1 ≡ 0 (mod 9), and, since also R ≡ 1 (mod 4), we have R ≡ 9
(mod 36) and v = 3R+ 1 ≡ 28 (mod 108). Thus the following theorem is established.
Theorem 3.5. Let R denote a positive integer such that R = 4h+ 1 and R ≡ 0 (mod 3). Suppose that the games (3.4) constitute
the initial round of a ZCPS-Wh (v), v = 3R+ 1. Then α ≡ 0 (mod 3), R ≡ 9 (mod 36) and v ≡ 28 (mod 108).
4. Observations and conjectures
When searching for ZCPS-Wh(v) for v = 12h + 4 ∈ {28, 76, 112} given in Section 1, we found a number of solutions
where the initial block was (∞, α, 0,−α) with α a multiple of all prime divisors of R = 4h + 1, but none where it was
not. We conjecture that the condition ‘α must be a multiple of all prime divisors of R’ is necessary for any ZCPS-Wh(v)with
v = 12h+ 4. It may also be possible to show there is no ZCPS-Wh(v) whenever v = 12h+ 9. An important feature of the
additive group G = Zv for v ≡ 0 (mod 3) that could be relevant in such a proof is the fact that the sum of the elements of G
in the 1 (mod 3) class is not 0 (mod v).
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